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ln t!1i" par·t·r ,~_-t" prc··t·nt rtit rtppr!)ach fur ~y~tPnitU ic nln.nip,J1;-tl i~Jn of dí~j¡¡ncli\·P con;-;trairH~ \Vht":"n 

\'f'i~fyin:.; luc.-d c•:n:--.i:--:r-=-ncy in { >::). \\"t: prtJpt·;~e ttJ dec·:Jiiiptl:--t·~ .l. :'t""i c,f ('On:--tr.-tinr~ in St:\·er;ll . ..:llhprr)b

letH:-.. lil.tkin.~ t·X¡:licit difft_'f'·!tl t- l't'1 \\"t:::t'll !"·lt·lltvi!Llr_v r-Lihl di:-;j\lll('ti\·e CtJrlSI ra.irll~. 1~ht:H 1oc.··tl Cüll:--!slt'UC~

Í:-. \·crif1ed fl·.Jr ~._..te:¡ ~t~l-pr.,],1\·ut tli,\l tht· r, ::-ul:.-. ~-lilt,in.dÍutt uf :ii.lpt·-:--ii·d~..· \~!.r\tv:-5 fur t:l\~ ·:arial-,lt..,;;; .. 1.r~· 

commrtruL-illé·d thrul!_g_h mc:·ml wc·,hip cun:-traint:'. The ale,orithm ~ro¡:" when tbere are no more changc"s in 
the:-.e CUII:--traiut ..... '\\"r 11:---t• CtJn:--tnJcti\·e di .... jHIJction to dt-:nJ \Yirh .... li:·juncii\·(~ con:,traint~ in order to l-)C1 11Jt> 

t lw :--t-;'.rdl "f1<\t't. \':¡;-- i··r.:n·t· t !t;lr if ,\.!'can clt- c~;rnpl:.:-;t~ t ;lt-' :-'t-'t of di:--jtu;~·ti\·t- cun~i rainr ;-; Í11 :·>P\Tral .... i!hproh

lern;o-; \\'ht ~_...,·, ~ct of ·.:;u·1:tLI,-:--. ;u·,· di:--j\Jirtt s Wt-~ c;ul <!u bt~t r r.."'t' than r tu~ e:-:::--1 iflg .tp¡··coacht>:--:. likt"' choic.::: poi nt. 
'l'h.i:=; _gt·twr.-tl :1¡1r·r--.:-ti~I fDr -"~-·i\ii."..!: C.lTiStr:tinr;-;. Íil:' \·er~· Y:ell in thc pttcicula.r- l-,,~f' of..-c!H-.. \hdint!; prt1hitnls. 

orh' of r h~· Ino-..t :--t!l·c--.. .. ful rq··r·:;~-:lf i•)JtS vf cun:---t raint prv~rZliiiinin2.. 

l~P)'\Vord:': . \ rt ifú:ir-J ~ ;:¡¡ ~!lj~, tH t.-. ( \;n.-.;t ril.iHt :-;d.t i .... f;u:t icdl P rol··lr- tu.--. iJ i:·.jllllC r i \·e ( 'ou~1 r:1.i11t ..... ('Dn:-t n H ·: i \'t-' 

Di~jrrn< 1 ÍuJI. 
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1 Introduction 

One of the most difficult problem:> in constraint solving <:o mes from disjunctive constraints. Severa! techniques 
have been proposed by the Artificial Int.elligP.nce cornmunity to deal with this kind of coustraints. Because 
of its theoretical and practica! interest, manipulation of disjunctive constraints in Constraint Satisfaction 
Problems (CSP) is a hot research topic [L3, -t, L6]. In this work we present an approach for systematic 
manipulation of disjunctive constraints when verifying local consistency. We first propose to decompose 
a set of constraints in two subproblems, the first one with all the elementary constraints and the second 
one with al! the disjuuctive constraints. Then we apply a graph decomposition algorithm on the second 
subproblem in order to obtain several sets of disjunctive constraints whose set of variables are disjoints. We 
verify local consisteucy for each subproblem and the resnlts, dimination of impossible values for the variables, 
are communicated through membership constraints. The algorithm stops when there are no more changes in 
the membership constraints. \Ve prove that if we can decompose the set of disjunctive constraints in at least 
two subproblems we can do better than the existing approaches, likc choice point. \Ve have implemented 
these ideas in a prototype for solving CSP and we have carried out some simple benchmarks to validate this 
theoretical result. We have rcalised that this general approach to mauipulate CSP fits very well in the case 
of scheduling problems, one of the most successful applicatious of constraint progranuuing [3]. This paper 
is organised as follows. Section 2 presents CSP, its definition and a brief description of techniques used to 
solve them. Section 3 introduces disjunctive constraints and presents different approaches used by the CSP 
community to deal with them. In section -! we present our approach in detail. Finally. in section 5 we 
conclude the paper. 

2 CSP 

In this section we present a formal definition of CSP and briefly describe techniques used to sol ve them. l\Iore 
details can be found in [2]. 

2.1 Definitions 

An elementary con$lrainl e' is an atomic formula built on a signature I: = (F, P), where F is a set of 
ranked function symbols and P a set of ranked predicate symbols. aud a denumerable set .l:' of variJtble 
symbols 1. Elementar)· constraints <'tre combiued with usual Jirst-order counectives. \Ve denote the set of 
constraints built from E and .1:' by C(E, .l'). Given a st.ructure D = (D.!), where l is an interpretat.ion 
function and D the domain of this interpretation, a (E. ,1;', 'D)-CSP is any set C = (ci /\ ... 1\ e~) such that 
el E C(E, .1') 'r/i = 1, ... , n. A solution of c7 is a mapping from .l' to D that associates to each variable .x E .l' 
au element in D such that c7 is satisfiable in D. A solution of e is a mapping such that all constraiuts cJ E e 
are satisfiable in V. Gi\'en a variable .r E .1' and a non-empty set D.c C D, the membership constraint of x 
is a relatiou given by x E? Dx. We use these rnembership constraints t;-make explicit the domain reduction 
process during the constraint solving. In practice, the sets D.c have to be set up to D at the beginning of 
the constraint solving process, and constraint propagation will eventually reduce them. As all first-order 
connectives can be express·~d in h"rnts of conj llllctions ami disjunctions we r.onsider the set of constraints e 
as follows 

e= 1\ (x E7 Dx) 1\ 1\ (el} 1\ 1\ (clj V c2}) 
.rE.t' iE/ jEJ 

1 For clarity, constraints are syntactically distinguished from formulae by a question mark exponent on their pn~dicate symbols. 
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where I is the set of elementary constraints and J the set of disjunctive constraints. For simplicity reason 
we will only eonsider disjunctive constraints :"1s disjnnrtions of only two elementary constraints. We use e, 
n, and a to denote the number of constru.ints, the number of variables and the size of the variable "s domain, 
respectively. in a CSP. and we abo denote by Var( e?) the set of variables in a constraint e?. In this work we 
only consider Binary CSP, i.e .. problems whcre at most two variables are involved in each constraint 2 . 

2.2 Solving CSP 

Typical tasks defiued in couuection with CSP are to determine whether a solution exists, and to find one or 
all the solutions. In this section we present three categories of techniques used in processing CSP: Searching 
Techniques, Problem H.eduction, ami Hybrid Tt'chuiqueti. Kumar"s work [7] is an excellent survey on this 
topic. 

Searching Teclmic¡ues iu CSP St>arehing consists of techniques for systematic exploration of the space 
of all solutions. The simplest forct! brute algorit.hm gt:nernte-arzd-lest, also called lrial-and-error Marr:h, is 
based on the idea of testing every possible combination of valnes to obtain a solution of a CSP. This generate
and-test algorithm is correct bnt it faces an obvions combinatoria! explosion. Intending to avoid that poor 
performance the basic algorithm commonly used for solving CSPs is the simple backtracking search algorithm, 
also called standard backtracking or depth-ftrst smrch 1L"ith chronolvgical backtracking, which is a general search 
strategy that has been widely u,.;"d in problem solving. Although backtracking is much better than generate 
and test, one almost always can observe pathological behaviour. Bobrow and Raphael have called this dass 
of behaviour thmshing (1]. Thrashing can be clefined as the repeated exploration of subtrees of the backtrack 
search tree that differ only in int>ssent ial features. su eh as thc assignment.s to variables irrelevant to the failure 
of the subtrees. The time complexity of bnátracking is O(ane), i.e., the time takt>n to find a solution tends 
to be exponential in t.hc numbt>r of v:uiables [9]. In order to avoid the resolution of this kind of complex 
problem, the notion of problem reduction has been cleveloped. 

Problem Reduction in CSP Problem reduction techniqucs transform a CSP to an e4uivalent problem 
by reducing the values that the variables can take. Problem reduction is often refered to as consistency 
mnintenance [12]. Consistency concepts have bren dcfin~:d in order to identify in the search space classes of 
combinations of values which could not appear together in any set of values satisfying the set of constraints. 
~Iackworth (8] proposes three levels of consisténcy: uoue, are anu path-consistency. These names come from 
the fact that general graphs ha ve been u sed to reprPsent binary CSP [12]. The most widely used leve! of 
consistency is are consistency whose definition is the following: 

Given the variable~ J:¡, Xj E .l' ancJ the constraints cJ (.r¡), cj(xj), cl,(x¡, Xj) E C, the are associated to 

cL(.r;, Xj) is consi.stwt if 

Vo. E o·~ 3n' En·~: o E Sof.p(:~;¡ E? Dx, A cj(x;)) 

.-\ network of constraints ¡,., nrr:-con:;t8lt.rd if :di Ít:i art"s are consistent. In [lO] :\lohr and Henderson propose 
the algorithm AC-4 whose worst-case time complexity is O(ea2) and they prove its optimality in terms of 
time. 

2 As a di~junction i~ considered irsdf as a con,traint we do n"t allnw more than two variablt:>s involved in a disjunctive 
con~traint. 
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It is important to realize that the varying forms of consistency algorithms can be seen as approximation 
algorithms, in that they impose necessary but not always ~ufficient conditions for the existence of a solution 
on a CSP, that is why they are often refered to as local consistency algorithms. 

Hybrid Techniques As backtracking sufft>rs from thrashing and consistency algorilhms can only eliminate 
local inconsistencies, hybrid techniques have been developed. In this way we obtain a complete algorithm 
that can solve all problems and where thrashing has been reduced. Hybrid techniques integrate constraint 
propagation algorithms into backtracking in the following way: whenever a variable is instantiated 3 , a 
new CSP is created; a constraint propagation algorithm can be applied to remove local iuconsistencies of 
these new C'SPs [17]. Embedding consistetwy t<'chniques inside backtracking algorithms is called Hybrid 
Techniques. A lot of research has been done on algorithms that essentially fit the previous format. In 
particular, Nade! [11] empirically compares the performance of the following algorithms: Generate and Test, 
Simple Backtracking, Forward Checking, Partía! Lookahead, Full Lookahead, and Really Full Lookahead. 
These algorithms primarily differ in the degrePs of are consist.ency performed at the nodes of the search tree. 

3 Disjunctive Constraints 

The combination of two elementary constraints with a disjunct.ion operator is called a disjunctive constraint. 
A lot of combinatoria! problems involve this kind of const.raints. For example, in scheduling problt>ms tht>se 
constraints come from the fact that se\·eral task:; mnst use the same resource and the limíted capacity of thut 
resource does not allow to perform all tasks at. a same time [14]. Let Taskij the start time of task i of job 
j aud d¡j the duration of task i of job j. On a machine performing a simple task at a time, the capacity 
constraints enforce the mutual exdusion for each pair of tasks assigned to the sarne machine. If we consi<.ler 
task k of jobs i aud j, the fact t!tat on machine /.: job i runs before job j or vice wrsa can be expressed by 
the following disjunctive constraiut 

Tas/.:kj ~? Ta.skki + dki V Ta.s/.:ki ~? Taskkj + dkj 

In order to perform al! t!lsks using the s;w1e resource a sPquential order must be establishecl, these 
precedence relations that are not known a priori are detPrmin!lted by the solution to a scheduling problem. 
This feature changes the nature of the problem. and no efficient. polynomial algorithm can be exhibited for 
solving al! problems involviug disjunctive constraints. In this section we preseut some teclwiques to deal with 
disjuncti ve const raints. 

3.1 Choice Point 

The first approaeh usecl by the Constraint Logic Programming (CLP) community to deal with disjunctive 
constraint was to choose one clisjunct during t he sr•arch process. i.e .. an a priori choice is made and one disj unct 
is posted, if the resulting set of constraint is inconsistent t.hen the other disjunct is chosen aud postecl. This 
approach is based on the general idea of backtracking, the search space is not reduce actively but only when 
a clause is non determiuistically chosen possibly lending to combinatoria! explosion. In the worst case 2.VD 

combinations of coustraiuts h:tvt~ to be analy:;.?d. wh·~n~ .\· D :>tuml for the numbt:r of disj un•:tions. So, for 
many problems such an approach introduces too many choice points and yields an unsatisfactory performance. 

3 Variable instantiation is also called iabelling process. 
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3.2 Binary Variables 

.l-\nuther lt:'(·huic¡:H~ ru .Jf':_tl xir:1 Ji:;jl11J:·ti\·r· ,._·uu~.rr:liH~:-:-. \ri,l·-·iy !lsPd by ~:1'"' ()pt:r:Hit:n.'l.l Rr~~ear~·h t"OllUHnnity. 

is to introduce binary (ll1 l) y;uiables [l.)]. Each •)f bor:1 vaillt's ~ctÍYatcs one disjunct and deactivates t!w 
other. A constraiul ¡,_ said aL·tiYCJtr'd if it is t;·i,·iaily Silfl:itied fnr all .-aluE' comhinations of :11l it;; variables. 
This giw~s the effec-t, of ~etting the ,·cmstnint :tt a ,·h·:·Í•:r> point. but in this ,·;¡se the !.1bdling routin•; c.111 

sdect the variable for labP!lim; at the bt>st point in t lw search. ConsidPriug the disjunctive mnstraint 

whid1 est::1blislws that on mild1inP !.: j0b i rlln,.: befnrP job j lfirst disjum·t) or jPb J ntns b<"for" .iob 
(second di~juuct). We int roJuc·e a binary variable X,J é { t). 1} iu r he toilowing way 

( l- .\1j) ·• JI+ Ta.,l>,.¡ > Tus!,:ki + d,I,:; 

.\;¡*JI+ Tu . .,/.·,.1 >? Tu.,kk1 + d;;j 

wlwn• JI is a lar;;,• ,·a•,llj!t mul!ber. In this 11·ay we haw transforrrwd a disjundin:> const raínt in a 
conjlmction of two elem•'llt:try .:on:;tr:lints. If xij = L th•'ll the :jP!'Oild •:onstraint is ::t\'tÍ\'('. trivially satisfwd, 
and the first disjunct will t:onstraint tlw valuP of tlte y:¡riables, in orlwr wurds, job i runs before jub j 011 

machine k. 
As soOJJ a::. a ,·aiue is assigu•'•j lo tlw binary variilbl.• d11ring tlte :;.:,JYin-s process orw di:;_jJJuct 11·íll L".' t-!11 aÍÍe•Í 

by tlw SE't of constraints .'lud the otlwr une will be used t,) reduce the variablPs clomain. In thE' wc•rc;t case tlw 
labelling pro<:E'::.s will try \·ahws for tlw binaQ· variablc:s. using it as a choice point as in th•:• f1rst approrH·h. 
i.e .. in tlle worst case we abo ha1·p tü analyse 2.\'D ca:ol:'. 

3.3 Constructive Disjunction 

A rat her llf'W approach is ca !!Pd . ·onst rw·t i YP disj unrt ion. w h ich lifh common inforrnat ion from t he a 1 tnn;:¡ ti ves 
[1:\]. \\·e PXplain this idea usin·~ :m <C'Xample takPn t'rc·!ll :wJ. Consid··r th·~ followiug ~et or •:on::.traints tlt:tt 

enfor<:es the mutualexr:lu,ion ot jol,,; .1 and B on llD•_·lliilP i 

y,~. .. :,. .. t + 1 ::;·' Tu;Ln '/ T.ts!.·;a + 1 :S Tusk;.\ 

]',¡sf.- . .t E {L. ... LIJ} 

[,¡:;/,- B E {l .... l!J} 

The tirst. di,;_j11nct cotbtraiur:; Tl/."/.:;. 1 E., { L 2. :~} :lJld [,~;:;kw E., {8. 9. lU}. the :'i<'con.J disjuuct cun::;tr~tiuh 
Taski.-\ E., {:-l. D. lO} and T·l."k.:a E." {l.~- :q. Tlllls iwl•·¡.wndent which alt•'rnati\·f' will s1wcer'd WP kuow that 
neither Tus~·; 1 nor T·Isk:a <:1.n takP thr~ valnes {L.).') IL Tlw ·~ommon informar ion that we c:m rled11•'" 

from both alt~rnatiw·s is T·L"l''A ,::::" {L.2.:L~.Q.ll)} and /a.,J,'iB Ery {l.2.:}.8.!:l, tu}. the uniou 0fthe s<'t oi 
remaining; values for tlw vari:.tbks in e:tch di,-jnnct. This is the es,;l'nce of ,~o!lstnwtiYe di':'jnnction. t>xtr:.1•:t 

this E'Xtra information. di~junctive <:onstraints are used ac1ivdy witlwut a priori dwi·~es. Iu the worst case. 
if uot extra informatic·n can be extran,"d frolll the disjuncti~ms. the labdling process will a;nlyse 2.\'JJ cai'<"S. 
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4 Systematic lVIanipulation of Disjunctive Constraints 

[n t.lti:; sH:Liun wc pn:s<~nt uru ;tpprc•ach I(Jr achi,:ving lo<:al cunsiskncy in CSP iuYolvin:~ di,;jurwt.ive <:on

~tr:titii:-.. Tiw Jr.\·"! ,¡f lucd ·:unsistt>rw:.- m•.,st w:dr•ly used by tht: CSP comnwuity. an: r:onsistency. can lw 
achie'!Pd in :l pol:·nunrial t-ime for :1 ser. of demenl<try •:onst.rainL:i. but wht·n Wf:' consider di,;junctiYe constraint:i 
tlH' prublem b••c•JIIl•'S harJ(•r. The gPnt'ral idea we propos•: is to d<'<'OIIIpos•• a probkm in two oiubprob\,:ms, 
the first one with al! the elementary con::;traiuts and r.lw sr>concl one with all the di:ojundive coust.rainb. 
Lor':.tl r:onsi::;tem·:; c:m be adúeved .,fficient ly for the first subproblenL and tlw second subproblem ¡, used to 
•'Xtnl<:r. extn infr.>r:natiun 'I:oiug a <:ou,-,trm·tiv<' disjiiJll'tion appruad1. .\, b•Jtll :mbprobkm::; share variabks, 
information ahout values of variablf:'s must be communicated, that. is done throu?;h the use of membership 
con:;tr:lÍnr;:>. Figurr• 1 pre~euts t:w ~··1wral s··h<:·:na ~·un,-,idcriug thro· ::;d of <:oustrainrs in the forrn th;ct ,,.,: 
explain in section 2. 

.\,E. Dx, X, E U,, 

D11t. a:o \.,,,·ifying lc:v:ll ,. ·l!:<Í:--kn··y f•Jr a S<'! c·f di,;j¡¡¡¡r·t i1·,• nJtlstraÍnh is a harc.l prd'l•·nL \H' prop<l:;i' 
ro d•·<'<)rtl[)<.-~<' tll<' ~d ,;!' cJj,;_jr¡;l"! Í'.<' '::!'itl'LlÍlll" :¡,; liiUr·h JS r··~,cibk. J¡¡ orrl<-r to clo that WC u,;e a gr:t¡)h 

·ler·n¡npositiou :,dg_orithm •.dlÍ..-!1 \l·ill :lr·'rr·d the m:1::imum ntrmb••r uf snhprubkm~ 11·ho,-.~ ::;t'l of Yariables al"f.• 
·!i;;jc•int:-;. In this 1;-ay we deal ',Yith .1 ""'' nf c•asi,·r prnb!Pill,;, r1nd 1 !w .1dde•d cost is not sig;nificatiw since tlw 

df'(~rJntpo:-:::iti«~dl ·:t!·.r,Jrttlun h't:--- a liu¡-:..·1r tinl~' C01!1plexit¡:. Fig~.1re :2 pr'_1 ~cnts tht::) refined general sc:ht" 1 llla. 

¡\ 
1 ' \:,e:'~ ¡ r;. ) J U\. : · 

. ,., r.\1 x, e' D ,, 

figur'' 2: Hefined gcwral schen1a 

Üll<'l~ \\·•: apply the graph Jt:Tompositil)n al:!;r:•rir!tm on tlw "'''L uf disjun<:tin· c:on:;tr~lÍnts \W' obtain .1/ 
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su b:st'ts 

J= u .]¡ 

/\ 
aml su•:l. that 

vi e ~· i E-h: J.:-:/= l => ('Vtu·(d;) UVar(c:2;)) .~1 {Var(dj) U Var(r·2_¡)) = 1,j 

In t he diG)!;ra m of figure 2 i lJ,: ''<J•.'rdinat ion 1<:\ d is in dw rgc ,)f._¡,_ <'ulllpP;-,•~ t.lw set •Jf 'Ji,.,,j u¡¡, ·ti\ e , ·onst nÍ!ti,., 
and acld tl1e arkqtta1•.' lll<'!11b·· ·'~-' .:<.'tls1 rZlints coming frum tiH.· ::;ubpr•Jhl•·lll with el<>nwnt:'lr~.- ··ortstr<linh. In 
tlw sn.me way. thr roordinatÍoll levd s<'nd tcJ this subrrohlem th'-' r•·stt!ls ,,bt;1Íll<',¡ from t!w s···t <)[ di,.,juw·!Í\<' 

coHstraints. local consistrw·.y is "''rÍfi,d f<Jr each ,;uhpr•.>hlcm and the rt:-ults arr cotnmttni,·at..,cJ tbnJU!:!;h 
t!w membership cunstrainh. thc algorithm stop,; wlwn tlwre is ll<J more dwng•'s in th<: sd of rm·mlwrs!tip 
constraints. For clarity rt';l,Oih ,,.,. ··x¡n·ess tlw sets of dt>mcutary and disjtttl<'tiv'c constraints in the fullo11·iug 
\\-rty 

bP~iu 

1\ ., 
('· 

L 

('~.1.= /\;,·1 \r·:.! 

j.:; '· 

2 c;,l r¡ and c·2 fr .. rn t!:·· -··~ .,f.''"'' ,.,,¡111-. 
:3 n:p<o.at 
4 Y~~rif~·.; I·~~:al j~~.n~i~t ... :rH·y fl_,r ('; 

;j l)t•r'l)lllp\)Sf' ('2 a:-;/\.='! .. 1 / ( ~ ', 

ti for ead¡ c2J, do 
T \'erify lch·a.l C\.Jll~i:-.tf-n¡~y u~itt.~ a r·cHt~rnwri\·(· di~jllTJ!~¡j(¡rJ appr1•;1di 

8 if tHl~> ... 11f rh...- n:Jn:::.tr:::..int"' . .-~1; <'Ul·! . .-·2~ [t•l' .f-= J,. ¡ ..... in.:··.rh¡.,.;,.·nt ·.\·ith rht· a.::<-····l.\.t,·'~ ru~ndJt't''Shtp r:• .• a-.tr;lint"' t.ht·n 

9 Elirninate t.l1P. db,junr·t ivt-> I'PIJ ... t raint frorn ('2 

lO Add tlte üther el<'lll<"ntary <'<•Jhtraint tü Ct 
ll PH<l..if 
12 "ulLdo 
t-~ Hllril l"i1·· ........ l .Jrut···n¡;,.¡·..,,¡;;···-·n .... r~·liJ,,...;.;, ....... ¡¡.,t ·!:--t;l~ .. 

1-l end 

Theore1n 1 Tht algoritlun /( I'IIIIIIOff.~ anrl il is corru-t. 
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Proof: TPrminaJion of local consisteney algorithms is Wf'll known, so we only ha ve to pro ve the termination 
of the loop RepPat. In 1 he worst ,·;be. aft.er Vt-•riiicatiGil .)r kl\:al .:on:;i:;t<-ttcy for all c·"2J.' the l"<'sllltiu~ 
mernbership coHstraints will lw different lwcause only one dt·lll<:'tlt has bt:>cn eliminat.ed. as we have at most 
n variables in the :-;d of di,jllndi•¡p ,·ntt,.,tr:1inrs ::tnd f:·ad\ \':lt'Í:lbl .. • •::<n t.ake rt valti<'S. th·· maximalmunfwr 
o[ iter:üions is (an). sn ;ct most :tf1••r (an) itPr;:~tinns ¡)¡,. :tl~·;rithm wil! r.erminat<•. Correctrwss is ;•vident 

becau:;e we only eliminate valucs wlwn tlwy are locally inconsistént, so we Jo not eliminate any solutiun. 

Theorem 2 IJ lL't can du:OiliJH.i.';t: a .<;/.l of cow;lraint.-; in .\[ .wbymph.-; tftt: IL'orsl ca.'Je timr: complu·ity of our 
alyorilhm ¡, boundull;•¡ .\12·YD-.If+i. 1rhcrr .\' [) i8 the [,;!,¡/ !llllllhu· ,jf di..,junclin: con.-;lminl.;. 

Proof: [f XD;: i =L .... 1! d<·tH.'t'~" tbt• aumlwr ofdisjun.:ti,·e c·r)n,;t;·:lims in tbe :mbgmph i, in <'ach itera-
. l t '[ l l . e '\'u . \'JJ f-''. ' . ·• \'D '\'-u \'D twn we wve .o ven y oca <onststcncy tor L.f= 1 2· ' set" o ulSJUlll't.Jve const.ramts . . :.,.:; • · = L.i=l : ·· ¡, 

we have I:;l~ 1 i'D,::; J/2·\'D-.\l+t. [u tht• wor~f ca::;e JI= l. ">O the worst c:t~e time complf'xity is 0(:2·VD), 
the sarnc result a::; thc choi<~e point approach. 

Evidcntly the use of our appro:H·h clc¡wncls on tlu• spe<:ific dtaradt'rÍstics of tÍH' problem. fin;t. tltc 

more we can <.lecontp••S<' th<' sd of dicjull<:tin~ coustraints tite mure dlicient, will lw thc liS<~ o[ <:ou:otnll:ti\·,· 
disj unetiou beca use we will cbd wit h easier problems ( t !lis is t hl' rw~aning of thf' expr,•ssion J/2s D- .\l +: j. 
SeconJ. the bendi~:; of using constrrt.:tiw· disjundion .Je~wnd on the <·xtra informal ion 1\'C <:an extra.-! .. from 
the disjunctions, so thc tuon· n•st ril.'t.od ;w• th': c<.!!Istr;:~Ính the tuore inGjrlllatiort 11·•' <:an cxtract. frolll tlt.•n¡, 

i.e., more impossibk values will be eliminated. That. is why our :cpproach must be sef:'n as ::t preprocr~ssin~ 
step. al'ter that another technique should to be usecl, such a:; choice point. for example. 

In PJ we han· applied our appro:t<'h tll soln~ joh-,;lwp prnblems 1\'lwre tlw getwral ic!Pa of dPcompo:-;c :1, 

set of disjundiv<" con:otraints corre:>pond to mani¡.)!Jlate as a whole tlw constraints related to a particular 
rn;¡,·hi nc br1 t indep•'nrlent ly fnr di :L-rr'nt nn<'llitw,:. ~n fur prnbl<"·lJl.~ i !)':oh· in~ .1! m:wh itlt's '\'<' élrr' ,;rm• t h:1 r 
\\~(' ran dt•corupo.:-;t.~ tht-) :-'' t uf di.--·jall,·ti\·e l":Jil~tralnis ia J! ~uLpr,_-d:-:tr-~rn::. 

Finally. it is importan! to nut•·· that our appro;tdl <:an bé natur;:~lly implt:'!llf'JJkd usiu~ se\·f:'ral suh·,,rs in 
p:tr:t!J,"l for l'<•rif~·ing kw:t! ··on,:Í:;t•':wy for tlw ,.;<'(:-; of disjll:t•·tin·s cono-1 :·:tiurs. 

4.1 Examples 

T11·o nrh·antag<"S of th•' ap¡,r(;;¡.·J¡ pn·,;,'ni.:d in thi,;; 11·or:.; \\·ith rcsp•·•·t to tht' dwi•:"~ j)(•Íat r·Rn be b<'tt''l' 
under;;t<Jod in t he fdk\I'Ílt'~ •'XaiJ!!:J..s. \\·,. <'Oll,i·!•-r thc f,,¡!, win<.S prr:bi.·ut: 

....:: 
;) '1' t.) 

!} < : t:1) 
- e~. .1' ... , !1 .),1 

.r > '/ .t < í) (f) 
,, ., 

1 (0) y > :1 'j y < -

- ~> ·/ - .. ¡\: ) -
.r,y. : t: Li)· ... hj \;) 

Constraints l. 2 and :3 <:OtT<,:;pond to dt•mentary con:>tr:.tints. constraints ·L 5 and 6 correspond to disjunc
tin~ ennstr:1intc>. ff w,·. ,·,orify lu•::tl <'C'Il~ÍsL·n.:y fr1r tlw st'!. of ,,¡..,lllt·~ni ary •:on~tr:lÍnt,; we obtain thf' modifit'rl 
memlwr::;hip cun:>tr:rints .1' E., fil .... :)].y E· [1. .. , 4] nmJ :: ::=" [:! .... 0]. Applying a d<'composition algorithtn on 
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the ,;Pt of .Ji~j11nctin· constraints l- () we obtain thrcP subproblern. so we YPrify local con:-;Ít;lency for each of 

rllun n,;iu¡¡; •J .·onstrl!ctive ,Jisjllll<:tinn ''P!Jl'(J,t•·h. 

• \"erit~·ing local ron;;istt-n.·y for rhe ,Jisjuw·tiv .:t,nstraint 1 and th·~ a:;sociatt?d nwmbership constmint 
.e E, [O .... :~].·we ·Jcr.ain e:='' [i ... ,:~j 1ud tE, [U .... :)] 1. Sll. tlw rt,suiriu.:¡; merl!IJers!tip·:onstraiut ll:ottl~ 

a. <:onstracriv,, Ji:ojun.:tiuu ''Ptn:or!.cll is .rE .. [IJ, ... :~]. it is uuchang<·d. 

• V•'rifyinl?; local r:onsistcw:y t<.>r t ¡,,, di,;j une ti v<~ const raint .) anJ t he associatcd mcrnbership const raí nt 
!/ E., [l ... , -1]. W<:.' obt :tin !1 -::·· [:'? .... -!] :ml :; E~ [l ... , 4]. So. th,• rt:',;ulting membership constraiut is 

!} E., [1. .. ~l-it is unc!l<.lll.~•'•l. 

• Yerif~ iug lo··al ·:•:.n,..:i~tt•w·y t'or t !11· ..ii".iun~·i t\e <'OJJstraiut t) aud tite as,.;ociat.'d nwn1lwrship coustraint 
:; E., [2 .... :)], tlte first brauch has no ->olution and the seumd one :; E' [-L .. , 0]. So, tite rt'sultiug 
lll<"l11Lk:r~hÍp C<:oll:-tr;lÍat ¡, · E., [l. ... \. 

Dllt. a,; additional information ,,,.,. k:Jt.l\1. th:tt only one disjnnd is po:-:;::'ible in thv third disjundiotL \\·1, 
•. ·an post tlw ::;enmd disjnnd uf th•, third di".illndiv(' 1:un,traint (•·u¡¡straint r-i). tht~ only possible alternati1·,~ 
in tlnt di:-jun.:tiuu. a,; an P[,~m•·!l(~lry cc.n:-tr:únt. t-"!imin:.t\t' that di:-;junctil·,, (·on,;lraint. illl<l \'f'rify ag;¡Ín lr_wal 

IOtbÍstency for t he sPt of ekmeat;Hy cr1nst nint,;. 
Anoth··r iuren'sting sitnai ¡,,ll o•··.·urs if '.l't' rqll:u·e tlw third di,;jtll11'til'f' <'Clll"tnint {nmstraint 6) h.1 tlw 

t,)l!O\\'Íil;!;: 

- >'' (i V:;<" 

\\'lwn ,,.,. n:rify lu~::il I.'(Jll:-i:-kll··~ fur tlJÍ:; •'un:-:rr:\Í¡¡t iltld tlw !ll<"tllber.ohíp con,;traínt :; E" [·1. ... ;;] IJuth 
di:o.illllct are in1:on,i,.;tt-:nt with tlt•: nwrnlwrship l'<)ll,..tr:lint. so nu valt11' r<'nlaÍJh possible fur thc ,-ariahle:; ;¡¡¡,J 

:-h· n rhe pr~.d~lr-·111 ~1:.1~ n~J :-- ... !¡¡~: 11. Íi !:--. i!il!'!\':-:1::~2. t~:_, !Jl)tt-: tha! tlt~s :-'Ílllitti,·)rl •. yqJ!d ha\·t.' b<·~:n al~u d~·t~\r.·t~···l 
'l::;ing rt chcit·,) puinr ;l})!;l~~~~ill:h. :::11i :t ;:-, · .. vc!I ;~~¡, ·x:t :1J;lt tllt) nurnbt:'l' . .:_{ lt·a\·r··:-, \·isitcd L:y tlt:lf. appr();.tt~h dt'pt·ud 

( n the order of the input of tb' •'C•n,.t r:1Ín1S. h••II'PVer t!w ¡wrforn::.HH'f' of our approach dc.w::; not dP¡wucl 011 
-]nt •)rdcr. If ".,. •'fe:1l<' th~· ··!1• ¡,.,. p•·it:h p~:,rinc; 1h~~ di,;jt:JH:ti\·1' 1:<.!1:-itrainh in tlw l!nkr ·L :) and G \IT will 

•:i:oit ~ lea\'C'S b<'f',ór•.' ~1.-.~<-<:t thill r:l'· 1-JmLl•·tu ha.o nu .~dJitÍuii. lílll if 11·1~ .:rc·ettt" th,, ¡·huicP p•Jints ¡.>n:::ting fir:::tly 
the third disjunctiw constraint 11·e hcn·e to 1·isit only :2 lecn·es to writ'y that the problem lws no solution. 

\\-1' can ,.::, p [¡,,,,. our appp_:¡1_·h all•!\1., t<:· rr·.Ju.:•: :ht• St'al"·h ,;p:11'<:· aJt•.l itbo elitninate ~onw disjurvtÍI•' 

·:cJ!l"t n.inh. 

4.2 Implementation 

fu f2;Pll1'l':'ll. 11··· arP inter..-,::rc:·d 111 ,.,,[\iu·~ CSP lblll~ ~·· .. tnputarinnal ;;y;;t.:·tE:'. a logi~·;,¡ fram .. ~work int..-.2;r:tl

ing r<>IHit,o r11ks and ~lr:J.t,'gÍeoi [·\. \\'te~ h<l'.'(' impl•·Jn<'nt<'d a prorotype of a soln•r for C'S P which is <.'\11'

l'•?!ttly e:v,·anbi,• in thl" sy;;t.-:~;¡ EL\\' :!.lj. an int.'·rpr·•t,·:r of I'C'lllp!ltatiornl ,ysknt:-;0. \\'e hoxe integ;nttr·.J 

ía this prototype the ideas prc:o~·ntul in this wurk as a preprocc:Osin:~ phase that carries out loc;d cull
,..¡,_r.-m·y y,•:-iíJ,·atic>u. On,·e \\·,-. h:,,·,. dt·cocq.Jt:,..,.,¡ tlw sd of dí:3j:1nt'ti1·e con:-;traínt~ in scYeral subprob
[,·nb \\'1' r·:n :1 ~ul'.l·r fr:,r e:11·!1 ,.;J:Í¡.ll":hl~·m in., ... ¡ .. ,. Ir) 1··rify lu1::tl •:c:n,_i,~en•:y in p:u:,ll..\. lll this \\·:¡y 11·,. 
,·a:: f1dl.\- ¡_:r~ _ _,r¡~ 1 .d· r}p: ,,¡:"~·:t:n·t~L ...... "- !' t!Ji:-) ~1p~}r,-.-,··h .-\~l dt=~1:t}l...; 3L'Jl!t t~i!'""' pr~)t~:typc c~1n bf~ oht;_!Íll~:·d at 

ht~p://~~~.loria.fr/-castro;CS?/csp.h~~l. 

-i Tj) verify lu1:al con!')Í:"JtP.ncy for ~ l!t-':--1:" ...;u bproblein~ Wt~ u~e a eh u ice pDint approach t hat generat e~ t\vo branchsr e.:1.ch OIH! f¡)l' 

,,a.-h di~junn. 
~EL.\:\ i~ .-lv."lil¡ihiP via ancn:::n·-11:--: ~~tp tt ftp.lor.ia.fr in the dir()l'tl'•ry /pub/loria/prothBo/softñ'ar~s/Elun. f11rrht·r 

i nf· .rmati.m can ¡_,,.. ,,hr ain<'d .tl ht tp: / hr.;w .lor ia. fr /;;quipe/ protheo. ht:nl/?ROJECT3/ELAJ/ elan. html 
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5 Conclusion 

\Y~ ha ve pn'sentcd an ap¡ll un eh to de al syst un al icall¿ ~rit J¡ disj uncti ve const.rainh in CSP when vcrifyi ng 
lo<'al consist<'ncy. \Ve haYf' shown how this approach can eventually reduce the search space and eliminate 
sonw disjmwtions. \Ve ha\'P provr-d th;t! \Yh•·n ''"''can dPn!!llj)(JS•~ the se!. of disjuuctive cou;,traiab ''"~"' cau 
do better than the exist.iug approaches, like choice puint. In real life problems, like scheduling, it is oftt'n 
possihle to decompose the sd of disjuuctive constraints. so we think that our appnmch can be au interesting 
,·ontribut.ion for prétctical applirations of CSP teclmiqw's. As fut ure work we are intí'rc:stt:d iu to estímate 
t he berwfits of a.pply this approad1 in terms e f paramf:'tc•·,; of t.lw sd of constraint;; ancl we au' abn iutt'rcsted 
in to integrat.e tlwsc ide:J$ in thc ,;earch pron'""· 
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